We show that a compact complex surface which admits a conformally Kähler metric g of positive orthogonal holomorphic bisectional curvature is biholomorphic to the complex projective plane. In addition, if g is a Hermitian metric which is Einstein, then the biholomorphism can be chosen to be an isometry via which g becomes a multiple of the Fubini-Study metric.
Introduction
Let (M, J) be a complex manifold. A Riemannian metric g on M is called a Hermitian metric if the complex structure J : TM → TM is an orthogonal transformation at every point on M with respect to the metric g, that is, g(X, Y) = g(JX, JY) for tangent vectors X, Y ∈ T p M for all p ∈ M. In this case, the triple (M, J, g) is called a Hermitian manifold. The compatibility between the complex structure and the metrics allows one to define further notions of curvature:
1. The holomorphic sectional curvature in the direction of a unit tangent vector X is defined by
H(X) := Rm(X, JX, X, JX) = g(R(X, JX)JX, X)
Thus, H(X) is the sectional curvature of the complex line (i.e. the J-invariant real plane) spanned by the real basis {U, JU}. One can also think of this as the restriction of the sectional curvature function on the Grassmannian of real 2-planes G 2 (T p M) to the Grassmannian of complex lines G C 1 (T p M), i.e. the CP n−1 -many complex lines at a point:
H : G C 1 (T p M) −→ R. As an example, the complex projective spaces CP n with FubiniStudy metric are of constant positive holomorphic curvature 4. In general, the sectional curvatures lie in the interval [1, 4] and a plane has sectional curvature 4 precisely when it is a complex line.
2.
The holomorphic bisectional curvature associated to a given pair of unit vectors X, Y ∈ T p M is defined as
Note that the holomorphic sectional curvature is determined by the holomorphic bisectional curvature as
Many results are known about holomorphic sectional and bisectional curvatures in the literature when the Hermitian metric g is Kähler, i.e. when ∇J = 0. Kähler metrics have holonomy in U(n), which allows us to write the bisectional curvature as a sum of two sectional curvatures as follows:
where K(·, ·) stands for the sectional curvatures (hence the name "bisectional").
In particular such a metric has to be Einstein, i.e. of constant Ricci curvature. Moreover, a complete Kähler manifold of positive constant holomorphic sectional curvature is simply connected by [Syn36, Kob61] . This means that there is no quotient in the first case.
Once the constant curvature case has been settled, one immediately wonders what can be said about the non-constant case. In this direction, we know that the positivity of bisectional curvature uniquely determines the biholomorphism type: In this paper we will show in 4-dimensions that the hypothesis of these theorems can be relaxed. Our main theorem is as follows: A metric g is called conformally Kähler if the conformally rescaled metric ug is Kähler, where u is a positive smooth function. On a compact manifold, if g is Kähler to begin with, ug will most definitely not be Kähler (with respect to the same complex structure 1 ) unless u is identically constant. Our theorem has the following nice application.
Corollary 3.2. If (M, J, g) is a Hermitian manifold and g is an Einstein metric of positive orthogonal bisectional curvature. Then there is a biholomorphism between M and CP 2 via which g becomes the Fubini-Study metric up to rescaling.
We remark in passing that the 4-dimensional version of the Frankel Conjecture had already been proven by Andreotti [And57] in 1957. Also, in [Koc12, Koc14] , the second author obtained a result analogous to Corollary 3.2 with the positivity assumption on the sectional curvature.
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Bisectional curvature and Weitzenböck formula
In order to better understand the bisectional curvature of Hermitian metrics which are not Kähler, it is crucial to describe a way of computing this curvature using 2-forms. Let X, Y be two unit tangent vectors on a Hermitian 4-manifold (M, J, g) . Then
where R : Λ 2 TM → Λ 2 TM is the curvature operator acting on 2-vectors. Note that X ∧ JX and Y ∧ JY correspond to two complex lines generated by {X, JX} and {Y, JY}. We next describe a useful interpretation of the planes in the tangent space via 2-forms. Sectional curvatures at a point p ∈ M can be thought as a function on the Grassmannian of oriented two planes in the corresponding tangent space:
In dimension 4 it is well-known that one can describe this Grassmannian in terms of 2-forms as [Via11]
where Λ 2 ± stands for the self-dual and anti-self-dual 2-forms, i.e. Λ 2 ± = {φ ∈ Λ 2 : * φ = ±φ}, where * is the Hodge- * operator determined by the metric g. More explicitly, given an oriented plane in T p M, one can choose a unique orthogonal basis {e 1 , e 2 }, such that the wedge of their duals (with respect to g) e 1 ∧ e 2 ∈ Λ 2 is decomposable uniquely in such a way that e 1 ∧ e 2 = α + β where α ∈ Λ 2 + , β ∈ Λ 2 − , |α| = |β| = 1/ √ 2. Conversely, starting with a decomposable 2-form ω ∈ Λ 2 i.e. ω = θ ∧ δ for some θ, δ ∈ Λ 1 , the duals {θ ♯ , δ ♯ } give an oriented basis for a plane.
In this correspondence, a complex line in T p M corresponds to a 2-form of the form
+ is the associated (1, 1)-form of the Hermitian metric g, i.e. ω(·, ·) = g(J·, ·). Notice that |ω| = √ 2. With this correspondence in mind, we see that, given two unit tangent vectors X, Y ∈ T p M we can express the holomorphic bisectional curvature as
where the anti-self-dual forms ϕ, ψ ∈ (Λ 2 − ) p of length 1/ √ 2 correspond to the complex lines spanned by the real bases {X, JX} and {Y, JY}, respectively. Here, R : Λ 2 → Λ 2 is the curvature operator on 2-forms.
Let us recall the decomposition of the curvature operator R : Λ 2 → Λ 2 . If (M, g) is any oriented 4-manifold, then the decomposition Λ 2 = Λ 2 + ⊕ Λ 2 − implies that the curvature operator R can be decomposed as
where W ± is the self-dual/anti-self-dual Weyl curvature tensor, s is the scalar curvature andr stands for the tracefree part of the Ricci curvature tensor r acting on 2-forms. Note that R is a self-adjoint operator.
Lemma 2.1. Let (M, J, g) be a Hermitian manifold. If g has positive orthogonal holomorphic bisectional curvature, then so does any other conformally equivalent metric ug.
Proof. Let ω be the associated (1, 1)-form of g. For any ϕ ∈ Λ − with |ϕ| g = 1/ √ 2, the 2-forms ω 2 + ϕ and ω 2 − ϕ are orthogonal with respect two the metric; and hence, they represent orthogonal complex lines in the tangent space. Therefore, a Hermitian metric g has positive orthogonal holomorphic bisectional curvature if and only if
On the other hand, using the decomposition of the curvature tensor, and the fact that R is a self-adjoint operator we see that
However, this condition is indeed conformally invariant. More precisely, for a conformally related metricg = ug we have
Kähler form of the new metric and the representative 2-form of the plane are different from the originals. They both rescale to keep their norms fixed. Thus, by the same argument,g has positive orthogonal holomorphic bisectional curvature.
The following formula will be used: In other words, the Betti number b 2 − , which stands for the number of negative eigenvalues of the cup product on H 2 (M, R), is zero. Recall that, by Hodge theory, b 2 − is the number is equal to the dimension of anti-self-dual harmonic 2-forms on the Riemannian manifold (M, g).
Proof. Without loss of generality, we may assume that the conformally Kähler metric g is indeed Kähler with Kähler form ω, by Lemma 2.1. For Kähler metrics, ω is an eigenvector of W + with eigenvalue s 3 , that is,
by (5) applied to ω, or see [Der83] . Now, let ϕ any a be harmonic anti-self-dual 2-form. We claim that ϕ is identically zero. If not, then the "non-vanishing" set V := {ϕ = 0} is non-empty. If we apply the Weitzenböck formula with the harmonic 2-form
Now, using the fact that ∇ω = 0 (Kähler condition) and taking the L 2 -inner product with ω 2 − ϕ we obtain
Now using (6) in the second integral above yields
We claim that the second integral is negative if V is non-empty.
First of all, the integrand W − (ϕ), ϕ − s 6 |ϕ| 2 ≤ 0 on all of M: Outside V, ϕ is zero; therefore, the inequality is trivially satisfied. On the other hand, on V, ϕ is non-zero, thus at every point p ∈ V we can consider the rescaled formφ = 1 √ 2 ϕ |ϕ| p which has the desired norm 1/ √ 2. Since g has positive orthogonal holomorphic bisectional curvature, by (4) applied tõ ϕ, we have
Hence, on a small ball around p, the integral of W − (ϕ), ϕ − s 6 |ϕ| 2 is strictly negative. This implies that M W − (ϕ), ϕ − s 6 |ϕ| 2 dµ g < 0, and thus, from (7), we arrive at M |∇ϕ| 2 dµ g < 0 which is absurd. This contradiction shows that V must be empty, and therefore ϕ is identically zero, and hence b 2 − = 0. Since we are on a compact manifold of Kähler type, we have b 2 + ≥ 1. Thus, the intersection form is positive definite.
Main Result and a Corollary
In this section we will prove our main result: Proof. As before, without loss of generality we may assume that g is Kähler, by Lemma 2.1. Moreover, by Lemma 2.3, b 2 − = 0. In particular, (M, J) is a minimal complex surface, namely it cannot have any rational curve of self intersection −1.
Moreover, all plurigenera of (M, J) are zero by Yau's Plurigenera Vanishing Theorem [Yau74] . To see this, first note that, if ϕ ∈ Γ(K m ) (m ≥ 0) is a non-zero holomorphic section of m-th power of the canonical bundle K of M, then its zero locus has area
On the other hand, when the Kähler metric has positive orthogonal holomorphic bisectional curvature, its scalar curvature must be positive, because at every point p ∈ M, we have by (4) that
for some non-zero ϕ in the eigenspace, for some positive eigenvalue of W − . Note that such an eigenvalue exists, because W − is trace-free.
Since s > 0 on M, the the total scalar curvature, i.e. M s dµ, must be positive. However, M s dµ = 4πc 1 · [ω] > 0, and this contradicts to (8).
Since all plurigenera vanish, the Kodaira dimension of (M, J) must be −∞. Moreover, since the intersection form is positive definite, M cannot contain a self intersection (−1)-curve, and consequently the surface must be minimal. Now, by the Enriques-Kodaira classification of compact complex surfaces [BPVdV84] , we see that the (M, J) must be a minimal rational or a ruled surface. However, since the signature τ of M is positive (as b 2 − = 0), (M, J) cannot be a ruled surface, and therefore it must be the complex projective plane CP 2 , as required.
We would like to conclude the paper with a nice application of our main theorem. Let (M, J, g) be a compact Hermitian manifold of real dimension 4. Moreover, assume that g is Einstein. In this case, LeBrun [LeB97, Proposition 1] showed that such a metric must be conformally Kähler. However, if we in addition assume that g has positive orthogonal holomorphic bisectional curvature, (M, J) has to be biholomorphically equivalent to CP 2 ; and the conformally Kähler metric must indeed be a Kähler-Einstein metric to begin with [LeB97, Theorem 1]. However, by Matsushima-Lichnerowicz Theorem, the identity component of the isometry group of g must be the maximal compact subgroup of the identity component of the automorphism group of CP 2 , in general for constant scalar curvature Kähler spaces [Mat57, Lic57] . It follows that g is indeed SU(3)-invariant. But, SU(3) acts transitively on CP 2 = SU(3)/U(2), and therefore, up to scale, g must be the Fubini-Study metric, which is the unique SU(3)-invariant metric on CP 2 . This proves our corollary. 
